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Abstract 



This article contains a detailed and rigorous proof of the construction of a geometric in- 
variant for initial data sets for the Einstein vacuum field equations. This geometric invariant 
O , vanishes if and only if the initial data set corresponds to data for the Kerr spacetime, and 

^ '• thus, it characterises this type of data. The construction presented is valid for boosted and 

^ I non-boosted initial data sets which are, in a sense, asymptotically Schwarzschildean. As a 

OXj, preliminary step to the construction of the geometric invariant, an analysis of a characteri- 

sation of the Kerr spacetime in terms of Killing spinors is carried out. A space spinor split 
»vj , of the (spacetime) Killing spinor equation is performed, to obtain a set of three conditions 

^ ■ ensuring the existence of a Killing spinor of the development of the initial data set. In 

fT^ ' order to construct the geometric invariant, we introduce the notion of approximate Killing 

^^ , spinors. These spinors are symmetric valence 2 spinors intrinsic to the initial hypersurface 

t*^ ' and satisfy a certain second order elliptic equation — the approximate Killing spinor equation. 

^3 ' This equation arises as the Euler-Lagrange equation of a non-negative integral functional. 

|/-\ . This functional constitutes part of our geometric invariant — however, the whole functional 

(^ ' does not come from a variational principle. The asymptotic behaviour of solutions to the 

f^ ^ approximate Killing spinor equation is studied and an existence theorem is presented. 



1 Introduction 



?—( ' The Kerr spacetime is, undoubtedly, one of the most important exact solutions to the vacuum 



Einstein field equations [32] • It describes a rotating stationary asymptotically flat black hole 
parametrised by its mass m and its specific angular momentum a. One of the outstanding 
challenges of contemporary General Relativity is to obtain a full understanding of the properties 
and the structure of the Kerr spacetime, and of its standing in the space of solutions to the 
Einstein field equations. 

There are a number of difficult conjectures and partial results concerning the Kerr spacetime. 
In particular, it is vifidely expected to be the only rotating stationary asymptotically flat black 
hole. This conjecture has been proved if the spacetime is assumed to be analytic (C") — see 
e.g. |14) and references within. Recently, there has been progress in the case where the spacetime 
is assumed to be only smooth (C°°) — see [2^. Moreover, it has been shown that a regular, 
non-extremal stationary black hole solution of the Einstein vacuum equations which is suitably 
close to a Kerr solution must be that Kerr solution — i.e. perturbative stability among the class 
of stationary solutions [1] . 
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Another of the conjectures concerning the Kerr spacetime is that it describes, in some sense, 
the late time behaviour of a spacetime with dynamical (that is, non-stationary) black holes — this 
is sometimes known as the establishment point of view of black holes, cfr. [40) . A step in this 
direction is to obtain a proof of the non-linear stability of the Kerr spacetime — this conjecture 
roughly states that the Cauchy problem for the vacuum Einstein field equations with initial data 
for a black hole which is suitably close to initial data for the Kerr spacetime gives rise to a 
spacetime with the same global structure as Kerr and with suitable pointwise decay. Numerical 
simulations support the conjectures described in this paragraph. 

A common feature in the problems mentioned in the previous paragraphs is the need of having 
a precise formulation of what it means that a certain spacetime is close to the Kerr solution. Due 
to the coordinate freedom in General Relativity it is, in general, difficult to measure how much 
two spacetimes differ from each other. Statements made in a particular choice of coordinates 
can be deceiving. In the spirit of the geometrical nature of General Relativity, one would like 
to make statements which are coordinate and gauge independent. Invariant characterisations of 
spacetimes provide a way of bridging this difficulty. 

Most analytical and numerical studies of the Einstein field equations make use of a 3+1 
decomposition of the equations and the unknowns. In this context, the question of whether a given 
initial data set for the Einstein field equations corresponds to data for the Kerr spacetime arises 
naturally — an initial data set will be said to be data for the Kerr spacetime if its development 
is isometric to a portion (or all) of the Kerr spacetime. A related issue arises when discussing 
the (either analytical or numerical) 3+1 evolution of a spacetime: do the leaves of the foliation 
approach, as a result of the evolution, hypersurfaces of the Kerr spacetime? In order to address 
these issues it is important to have a geometric characterisation of the Kerr solution which is 
amenable to a 3+1 splitting. 

A number of invariant characterisations are known in the literature. Each with their own 
advantages and disadvantages. For completeness we discuss some which bear connection to the 
analysis presented in this article: 

The Simon and Mars-Simon tensors. A convenient way of studying stationary solutions 
to the Einstein field equations is through the quotient manifold of the orbits of the stationary 
Killing vector. The Schwarzschild spacetime is characterised among all stationary solutions by 
the vanishing of the Cotton tensor of the metric of this quotient manifold — see e.g. [20j. In [43J a 
suitable generalisation of the Cotton tensor of the quotient manifold was introduced — the Simon 
tensor. The vanishing of the Simon tensor together with asymptotic flatness and non- vanishing of 
the mass characterises the Kerr solution in the class of stationary solutions. In [551133 a spacetime 
version of the Simon tensor was introduced — the so-called Mars-Simon tensor. The construction 
of this tensor requires the a priori existence of a Killing vector in the spacetime. Accordingly, 
it is tailored for the problem of the uniqueness of stationary black holes. The vanishing of the 
Mars-Simon tensor together with some global conditions (asymptotic flatness, non-zero mass, 
stationarity of the Killing vector) characterises the Kerr spacetime. 

Characterisations using concomitants of the Weyl tensor. A concomitant of the Weyl 
tensor is an object constructed from tensorial operations on the Weyl tensor and its covariant 
derivatives. An invariant characterisation of the Kerr spacetime in terms of concomitants of the 
Weyl tensor has been obtained in [TF! ■ This result generalises a similar result for the Schwarzschild 
spacetime given in ^17]. These characterisations consist of a set of conditions on concomitants 
of the Weyl tensor, which if satisfied, characterise locally the Kerr/Schwarzschild spacetime. An 
interesting feature of the characterisation is that it provides expressions for the stationary and 
axial Killing vectors of the spacetime in terms of concomitants of the Weyl tensor. Unfortunately, 
the concomitants used in the characterisation are complicated, and thus, produce very involved 
expressions when performing a 3+1 split. 

Characterisations by means of generalised symmetries. Generalised symmetries (some- 
times also known as hidden symmetries) are generalisations of the Killing vector equation — like 
the Killing tensors and conformal Killing- Yano tensors. These tensors arise naturally in the dis- 
cussion of the so-called Carter constant of motion and in the separability of various types of linear 



equations on the Kerr spacetime — see e.g. [TTlinillll]. In particular, the existence of a conformal 
Kilhng-Yano tensor is equivalent to the existence of a valence-2 symmetric spinor satisfying the 
Killing spinor equation. An important property of the Schwarzschild and Kerr spacetimes is that 
they admit a Killing spinor. This Killing spinor generates, in a certain sense, the Killing vectors 
and Killing- Yano tensors of the exact solutions in question [37] . Moreover, as it will be discussed 
in the main part of this article, for a spacetime which is neither conformally flat nor of Petrov 
type N, the existence of a Killing spinor associated to a Killing- Yano tensor together with the 
requirement of asymptotic flatness renders a characterisation of the Kerr spacetime. To the best 
of our knowledge, this property has only been discussed in the literature — without proof — in 

m- 

Although at first sight independent, the characterisations of the Schwarzschild and Kerr space- 
times described in the previous paragraphs are interconnected — sometimes in very subtle man- 
ners. This is not too surprising as all these characterisations make use in a direct or indirect 
manner of the fact that the Kerr spacetime is a vacuum spacetime of Petrov type D — see e.g. 
[45] for a discussion of the Petrov classification. The art in producing a useful characterisation of 
the Kerr spacetime lies in finding further conditions on type D spacetimes which are natural and 
simple to use. 

A characterisation of Kerr data 

Characterisations of initial data sets for the Schwarzschild and Kerr spacetimes have been dis- 
cussed in [2]^, 22^, 4J . These characterisations make use of a number of local and global ingredients. 
For example, in [22] it is necessary to assume the existence of a Killing vector on the development 
of the spacetime. 

In this article we present a rigorous and detailed discussion of a geometric invariant charac- 
terising initial data for the Kerr spacetime. A restricted version of this construction has been 
presented in [2] . 

The starting point of our construction is the observation that the existence of a Killing spinor 
in the Kerr spacetime is a key property. It allows to relate the Killing vectors of the spacetime 
with its curvature in a neat way. The reason for its importance can be explained in the following 
way: from a specific Killing spinor it is possible to obtain a Killing vector which in general will 
be complex. It turns out that for the Kerr spacetime this Killing vector is in fact real and 
coincides with the stationary Killing vector. It can be shown that the Kerr solution is the only 
asymptotically flat vacuum spacetime with these properties, if one assumes that there are no 
points where the Petrov type is either N or O. 

Given the aforementioned spacetime characterisation of the Kerr solution, the question now 
is how to make use of it to produce a characterisation in terms of initial data sets. For this, one 
has to encode the existence of a Killing spinor at the level of the data. The way of doing this was 
first discussed in ^23, and follows the spirit of the well-known discussion of how to encode Killing 
vectors on initial data — see e.g. [5]. 

The conditions on the initial data that ensure the existence of a Killing spinor in its devel- 
opment are called the Killing spinor initial data equations and are, like the Killing initial data 
equations (KID equations), overdetermined. In |15j . a procedure was given on how to construct 
equations which generalise the KID equations for time symmetric data. These generalised equa- 
tions have the property that for a particular behaviour at infinity they always admit a solution. 
If the spacetime admits Killing vectors, then the solutions to the generalised KID equations with 
the same asymptotic behaviour as the Killing vectors are, in fact. Killing vectors. Therefore, one 
calls the solutions to the generalised KID equations approximate symmetries. The total number 
of approximate symmetries is equal to the maximal number of possible Killing vectors on the 
spacetime. A peculiarity of this procedure is that if the spacetime is not stationary, the approxi- 
mate Killing vector associated to a time translation does not have the same asymptotic behaviour 
as a time translatiorl^. 

^Here and in what follows, for a time translation it is understood a Killing vector which in some asymptotically 
Cartesian coordinate system has a leading term of the form dt ■ 



The Killing spinor initial data equations consist of three conditions: one of them differential 
(the spatial Killing spinor equationjQ and two algebraic conditions. Following the spirit of |15) we 
construct a generalisation of the spatial Killing spinor equation — the approximate Killing spinor 
equation. This equation is elliptic and of second order. This equation is the Euler-Lagrange 
equation of an integral functional — the L^-norm of the exact spatial Killing spinor equation. For 
this equation it is possible to prove the following theorem: 

Theorem. For initial data sets to the Einstein field equations with suitable asymptotic behaviour, 
there exists a solution to the approximate Killing spinor equation with the same asymptotic be- 
haviour as the Killing spinor of the Kerr spacetime. 

A precise formulation will be given in the main text. In particular, it will be seen that the 
conditions on the asymptotic behaviour of the initial data are rather mild and amount to requiring 
the data to be, in a sense, asymptotically Kerr data. Contrasted with the results in [TS], this 
result is notable because, arguably, the most important approximate symmetry of [15) does not 
share the same asymptotic behaviour as the exact symmetry. The precise version of this theorem 
generalises the one discussed in [2] in that it allows for boosted data. This generalisation is only 
possible after a detailed analysis of the asymptotic solutions of the exact Killing spinor equation. 

The approximate Killing spinor discussed in the previous paragraphs can be used to construct 
a geometric invariant for the initial data. This invariant is global and involves the L^ norms of 
the Killing spinor initial data equations evaluated at the approximate Killing vector. It should 
be observed that only part of the invariant satisfies a variational principle — this is a further 
difference with respect to the construction of [15]. As the initial data set is assumed to be 
asymptotically Euclidean, one expects its development to be asymptotically flat. This renders 
the desired characterisation of Kerr data and our main result. 

Theorem. Consider an initial data set for the vacuum Einstein field equations whose development 
in a small slab is neither of Petrov type N nor at any point, and such that the L? norm of the 
Killing spinor initial data equations evaluated at the solution (with the same asymptotic behaviour 
as the Killing spinor of the Kerr spacetime) to the approximate Killing .spinor equation vanishes. 
Then the initial data set is locally data for the Kerr spacetime. Furthermore, if the 3-manifold 
has the same topology as that of hypersurfaces of the Kerr spacetime, then the initial data set is 
data for the Kerr spacetime. 

There are several advantages of this characterisation over previous ones given in the liter- 
ature. Most notably, it allows to condense the non-Kerrness of an initial data set in a single 
number. That this invariant constitutes a good distance in the space of initial data sets will be 
discussed elsewhere. Furthermore, the way the invariant is constructed is fully amenable to a 
numerical implementation — the elliptic solvers that one would need to compute the solution to 
the approximate Killing spinor equation are, nowadays, standard technology. 

Detailed outline of the article 

The outline of the article is as follows: in Section [2] we study Killing spinors, and their influence 
on the algebraic type of the spacetime. We relate the Killing spinors to Killing vectors and 
Killing- Yano tensors. Using these results together with a characterisation of the Kerr spacetime 
by Mars [37] . we conclude that the Kerr spacetime can be characterised in terms of existence 
of a Killing spinor related to a real Killing vector. This has previously been overlooked in the 
literature, but it is a key element in our analysis. 

Section |3] follows with an exposition of space spinors, which will be the main computational 
tool for the remainder of the paper. Following that, in Section 2] we study a 3-1-1 splitting of 
the Killing spinor equation. A similar analysis was carried out in [23j . but here we manage 
to condense the result into three simple equations, the spatial Killing spinor equation and two 
algebraic equations. We also present general equations for the spatial derivatives of a general 
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new. In |4K| the spatial twistor equation has been used to characterise slices of confornially fiat spacetimes. See 
also [7]. 



valence 2 spinor, which is not necessarily a Killing spinor. These equations are also used in later 
parts of the paper. 

In Section [5] we introduce the new concept of approximate Killing spinors. These are intro- 
duced as solutions to an elliptic equation formed by composing the spatial Killing spinor operator 
with its formal adjoint. That this composed operator is indeed elliptic and formally self ad- 
joint is proved. We also see that the approximate Killing spinor equation can be derived from a 
variational principle. 

To get unique solutions to the approximate Killing spinor equation, we need to specify the 
asymptotic behaviour. For a rigorous treatment of this, we use weighted Sobolev spaces; these 
are described in Section [HI Here we also study the asymptotics of a Killing spinor on a boosted 
slice of the Schwarzschild spacetime. In general, we study slices of an arbitrary spacetime with 
asymptotics similar to those of the Schwarzschild spacetime. Using these assumptions, we can 
then in Section [7] prove existence of spinors with the same asymptotics as the Killing spinor in 
the Schwarzschild spacetime. We later use these spinors as seeds for solutions to the approximate 
Killing spinor equation. In this way we get the desired asymptotic behaviour of our approximate 
Killing spinors. 

In Section|S]we study the approximate Killing spinor equation in our asymptotically Euclidean 
manifolds to gain existence and uniqueness of solutions with the desired asymptotics. This is done 
by means of the Fredholm alternative on weighted Sobolev spaces, transforming the existence 
problem into a study of the kernel of the Killing spinor operator. In this process we get the first 
part of the geometric invariant — the L^ norm of the approximate Killing spinor. This norm is 
proved to be finite. The geometric invariant is constructed in Section [SI by adding the L^ norms 
of the algebraic conditions. There follows our main theorem: the invariant vanishes if and only if 
the spacetime is the Kerr spacetime. The invariant is as a consequence of the construction proved 
to be finite and well defined. 

We also include two appendices. The first describes an alternative proof of finiteness of a 
particular boundary integral in Section |S1 The other contains tensor versions of the invariant 
— this can be useful in applications. 

General notation and conventions 

All throughout, {A4,g^^) will be an orientable and time orientable globally hyperbolic vacuum 
spacetime. It follows that the spacetime admits a spin structure — see |24[|25| . Here, and in what 
follows, fi, v^ ■ ■ ■ denote abstract 4-dimensional tensor indices. The metric g^^ will be taken to 
have signature (-1-,—,—,—). Let V^ denote the Levi-Civita connection of g^,^. The sign of the 
Riemann tensor will be given by the equation 

The triple {S, hab, Kab) will denote initial data on a hypersurface of the spacetime {M,g^^). 
The symmetric tensors hab, Kab will denote, respectively, the 3-metric and the extrinsic curvature 
of the 3-manifold S. The metric hab will be taken to be negative definite — that is, of signature 
(— , — , — ). The indices a, b, . . . will denote abstract S-dimensional tensor indices, while i, j, . . . 
will denote 3-dimensional tensor coordinate indices. Let Da denote the Levi-Civita covariant 
derivative of hab- 

Spinors will be used systematically. We follow the conventions of [41. In particular. A, B, . . . 
will denote abstract spinorial indices, while A, B, . . . will be indices with respect to a specific 
frame. Tensors and their spinorial counterparts are related by means of the solder form cr^ 
satisfying 5^1, = cr^"* a^^ iAB^A'B' , where €ab is the antisymmetric spinor and €a'B' its complex 



conjugate copy. One has, for example, that ^^ = cr^ £,aa'- Let V aa' denote the spinorial 
counterpart of the spacetime connection V^. Besides the connection Vaa', two other spinorial 
connections will be used: Dab, the spinorial counterpart of the Levi-Civita connection Da and 
Vab, the Sen connection of {M.,g^y) — full details will be given in Section|21 

The Kerr spacetime. For the Kerr spacetime it will be understood the maximal analytic 
extension of the Kerr metric as described by Boyer & Lindquist [8 and Carter [TU]. When 



regarding the Kerr spacetime as the development of Cauchy initial data, we will only consider its 
maximal globally hyperbolic development. 

2 Killing spinors: general theory 

As mentioned in the introduction, our point of departure will be a characterisation of the Kerr 
spacetime based on the existence in the spacetime of a valence-2 symmetric spinor satisfying the 
Killing spinor equation. To the best of our knowledge, this characterisation of the Kerr spacetime 
has not explicitly been discussed in the literature, save for a side remark in [TH]. In this section 
we provide a summary of this characterisation and fill in some technical details. 

2.1 Killing spinors and Petrov type D spacetimes 

A valence-2 Killing spinor is a symmetric spinor kab = /^(yis) satisfying the equation 

^A'(Al^BC) = 0. (1) 

Killing spinors offer a way of relating properties of the curvature to properties of the symmetries 
of the spacetime. Taking a further derivative of equation ([T]), antisymmetrising and commuting 
the covariant derivatives one finds the integrability condition 

'^(ABC^KD)F = 0, (2) 

where "^abcd denotes the self-dual Weyl spinor. The above integrability imposes strong restric- 
tions on the algebraic type of the Weyl spinor. More precisely, it follows that if 'i'ABCD 7^ and 
KAB 7^ 0, then 

^ABCD = ■>JJH^ABKCD), (3) 

where V' is a scalar. Thus, ^abcd must be of Petrov type D or N — see e.g. [331 ED]- The 
converse is also true [28l |42l [48] . Summarising: 

Theorem 1 (Walker & Penrose 1970). A vacuum spacetime adm,its a valence-2 Killing spinor if 
and only if it is of Petrov type D, N or O. 

From (|3]) it can also be seen that "^ abcd is of Petrov type N if and only if kab is algebraically 
special. That is, there exists a spinor a a such that kab = olaoi-b- Thus, an algebraically general 
Killing spinor kab — ol(aPb) is always associated to a vacuum spacetime of Petrov type D. 

2.2 The Killing vector associated to a Killing spinor and the generalised 
Kerr-NUT metrics 

Given a Killing spinor KAB^ the concomitant 

Ua' ^"^^a-hab. (4) 

is a complex Killing vector of the spacetime; its real and imaginary parts are themselves Killing 
vectors of the spacetime ^\ . In relation to this it should be pointed out that all vacuum Petrov 
type D spacetimes are known |33) . It follows from the analysis in the latter reference that all 
vacuum, Petrov type D spacetimes have a commuting pair of Killing vectors. A key property of 
the Kerr spacetime is the following (cfr. p71l42) ): 

Proposition 2. Let (jM,^^^) he a vacuum Petrov type D spacetime. The Killing vector £,aa' 
given by ^ is real in the case of the Kerr spacetime. 

Remark 1. In what follows, the class of Petrov type D spacetimes for which ^aa' is real will be 
called the generalised Kerr-NUT class — cfr. [TH]. This class can be alternatively characterised 
— see e.g. [3T] — by the existence of a Killing- Yano tensor 



The correspondence between the KiUing spinor kab and the spinorial counterpart Yaa'BB' of the 
KiUing-Yano tensor, F^^, is given by 

YaA'BB' = ^{kab^A'B' — <^ABi^A'B') , 

where the overbar denotes the complex conjugate. 

Remark 2. In terms of the Kinnersley hst of type D metrics, the class of generalised Kerr-NUT 
metrics contains, in addition to the proper Kerr-NUT metrics (II. C), also the metrics II. E — see 

m- 

An important property of the generalised Kerr-NUT metrics involves the Killing form, 
Faa'BB' = —Fbb'AA', of a real Killing vector ^aa' defined by 

Faa'bb' = -z {^ aa'S,bb' — "^ bb'S,aa') ■ (5) 

Let 

Taa'bb' = 2 (Faa'bb' + '^F'aa'bb') (6) 

denote the corresponding self-dual Killing form, with F^j^i^g, the Hodge dual of Faa'BB'- Due 
to the symmetries of the Killing form one can write 

J'AA'BB' = J'AB^A'B', (7) 

with 

J^AB = -zFaq'b — ^ba- (8) 

One has the following result 

Lemma 3. For generalised Kerr-NUT spacetimes one has that 

J^AB = >CKAB, 

where k is a non-vanishing scalar function, so that the principal spinors of Tab o-nd "^abcd o,i"e 
parallel. Equivalently, one has that 

'^abpqJ^^^ = vJ^AB, 

with if a non-vanishing scalar. 

Proof. One proceeds by a direct computation. One notes that the expressions ([S]), (O and (|S]) 
assume that the Killing vector ^aa' is real. Using equations ^ and ([8]) and the vacuum commu- 
tators for Waa' one finds that 

3 
_\ 

4 

As the spacetime is assumed to be of Petrov type D one has that kab = Q^rA/^B) with aAp = ^, 
where <r is a non- vanishing scalar. From equation ^ one finds then that ^abcd = '4^oi(^AOiBPcPD) i 
so that 

^ABPQK^^ = --'lpi;'^KAB, 

and finally that 

J^AB = --Ipip'tiAB, 

from where the desired result follows. D 

The property that allows us to single out the Kerr spacetime out of the generalised Kerr-NUT 
class is given by the following result proved by Mars [SHI EZ] • 

Theorem 4 (Mars 1999, 2000). Let (A^, g^^) be a smooth vacuum spacetime with the following 
properties: 



^AB = 7*ASPQK^'^- 



(i) {Ai,g^u) admits a Killing vector i,AA' such that, Tab, the spinorial counterpart of the 
Killing form of ^aA' satisfies 

'^abpqT^'^ = ipTAB, 

with if a scalar; 

(a) {M.,g^,^) contains a stationary asymptotically flat ^-end, and S,aa' tends to a time transla- 
tion at infinity, and the Komar mass of the asymptotic end is non-zero. 

Then {A4,gfj_^) is locally isometric to the Kerr spacetime. 

Remark. A stationary asymptotically flat 4-end is an open submanifold A^oo C 7M diffeomorphic 
to / X (R"^ \ Br), where / C M is an open interval and Br a closed ball of radius R such that in 
the local coordinates (t, a;*) defined by the diffeomorphism, the metric g^^i, satisfies 

IffAii. ~Vt^i^\ + \rdtgf,^\ < Cr^"^, 
dtgtiu ^ 0, 



with C, a constants, rj^,j is the Minkowski metric and r = ^{x^Y + [x^Y + {x^Y- In particular 
a > 1 . The definition of the Komar mass is given in [34] . In this context it coincides with the 
ADM mass of the spacetime. 

2.3 Non-degeneracy of the Petrov type of the Kerr spacetime 

Finally, we note the following result about the non-degeneracy of the Petrov type of the Kerr 
spacetime [57] . 

Proposition 5 (Mars 2000). The Petrov type of the Kerr spacetime is always D — there are no 
points where it degenerates to type N or O. 

2.4 A characterisation of the Kerr spacetime using Kilhng spinors 

As a consequence of Theorem [1] and propositions [H [5] one obtains the following invariant char- 
acterisation of the Kerr spacetimes. From this characterisation we will extract, in the sequel, a 
characterisation of asymptotically Euclidean Kerr data. 

Theorem 6. Let [Ai, g^u) be a smooth vacuum spacetime such that 

^ABCD + 0, ^ ABCD^^'''^'' + 

on A4. Then {M,g^v) is locally isometric to the Kerr spacetime if and only if the following 
conditions are satisfied: 

(i) there exists a Killing spinor, kab, such that the associated Killing vector, S.AA' , is real; 

(ii) the spacetime (A^, g^j/) has a stationary asymptotically flat 4-end with non-vanishing mass 
in which £,aa' tends to a time translation. 

Proof. Clearly, the conditions (i) and (ii) are necessary to obtain the Kerr spacetime. For the 
sufficiency, assume that (i) holds, that is, the spacetime has a Killing spinor kab such that the 
associated Killing vector £^aa' is real. Accordingly, the spacetime must be of type D, N or O. 
As "^ABCD 7^ and ^abcd^'^^'"^ 7^ by hypothesis, the spacetime cannot be of types N or 
O. By the reality of £^aa' it must be a generalised Kerr-NUT spacetime and the conclusion of 
Lemma [3] follows. Now, if (ii) holds then by Theorem 21 the spacetime has to be locally the Kerr 
spacetime. 

D 

Remark. It is of interest to see whether the conditions "^abcd t^ and '^'abcd'^^^'^'^ t^ 
can be removed. An analysis along what is done in the proof of Theorem [3] may allow to do this. 
This will be discussed elsewhere. 



3 Space spinors: general theory 

As mentioned in the introduction, in this article we wih make use of a space spinor formaUsm to 
project the longitudinal and transversal parts of the Killing spinor equation ([T]) with respect to 
the timelike vector field r''. The space spinor formalism was originally introduced in ^44 . Here 
we follow conventions and notations similar to those in [23] . For completeness, we introduce all 
the relevant notation here. 

3.1 Basic definitions 

Let r** be a timelike vector field on (A^, g^^) with normalisation Tf^r^^ — 2. Define the projector 

We also define the following tensors: 

Note that it is not being assumed that r^ is hypersurface orthogonal. Thus, the tensor K^i, 
as defined above is not necessarily the second fundamental form of a foliation of the spacetime 

Let T^^ denote the spinorial counterpart of r^. One has that r"^"^ = cr^"^"^ t^ so that 



^AA' r, A BA' AB 



^AA' 



The spinor r allows to introduce the spatial solder forms 



AB ^ „ (A ^B)A' „n _ ^ A'n 

I = (^i^L A'T ' , (T^^AB = T(B (^ A)A' 



SO that one has 



CT^'ASCTiy = h^u, gij.u<7^ AB<y" CD — h^^^G^ AB<^" CD — -^{^AC^BD + ^AD^Bc), 

Tn.f^'^ AB =0, CAB^A'B' — -zTAA'TbB' + huu^r^ AE'^'^ BPT A'T B' ■ 



2 



If r'' is hypersurface orthogonal, then hab, Kab, K"^, aa^^, ct'^ab denote, respectively , the 
pull-backs to the hypersurfaces orthogonal to t^ of h^^, K^^, K^^, cTfj,''^^, ct'^ab — note that these 
objects are spatial, in the sense that their contraction with t^ vanishes, and thus, their pull-backs 
are well defined. The relevant properties of these tensors apply to their pull-backs. Often we will 
begin with a spacelike hypersurface S, and define r^ as the normal to this hypersurface, we then 
automatically get the desired properties. 

3.2 Space spinor spfittings 

The spinor r can be used to construct a formalism consisting of unprimed indices. For example, 
given a spacetime spinor Caa' one can write 

(aA' ^ -;^TAA'C - Ta' (pa, (9) 



with 



(, = T (,PP', (,AB = T(^A (,B)P' 



This decomposition can be extended in a direct manner to higher valence spinors. Any spatial 
tensor has a space-spinor counterpart. For example, if T^'^ is a spatial tensor (i.e. t^T^'^ = and 
T^Tp^ = 0), then its space spinor counterpart is given by Tab'^^ = o'^AB<T,y'~'^T^'^. 



3.3 Spinorial covariant derivatives 

Applying formally the space spinor split given by ^ to the spacetime spinorial covariant deriva- 
tive V AA' one obtains 

^AA' = -zTaA'"^ — TA' "^ AB, 

where we have introduced the differential operators 

V^t^^'Vaa'. 

'^AB=T (A^ B)A' = (^^ AB^^ ti- 

The latter is referred to as the Sen connection. Let Kabcd denote the space spinor counterpart 
of the tensor K^^ . One has that 

Kabcd ~ td ^ abtcc-, Kabcd = Ki^ab){cd)- 

In the sequel, it will be convenient to write Kabcd in terms of its irreducible components. For 
this define 

^ABCD=K(j^BCD)-, ^AB = K(j^ b)C ^ K = K ^g, 

so that one can write 

Kabcd = ^abcd - -^eA{c^D)B - 2^s(c^d)a ~ i^'^a(c<^d)bK, (10) 

If t'^ is hypersurface orthogonal, then ^Iab = 0, and thus K^^, can be regarded as the extrinsic 
curvature of the leaves of a foliation of the spacetime {A4,g^^). Let Kab denote the spinorial 
counterpart of the acceleration K^. It has the symmetry Kab = K(^ab) a-nd satisfies 

Kab — tb Vt^a' • 

If r'^ is hypersurface orthogonal then the pull-back, Da, of D^ = h'^ ^V^ corresponds to 
the Levi-Civita connection of the intrinsic metric of the leaves of the foliation of hypersurfaces 
orthogonal to t^ . Its spinorial counterpart is given by Dab — D(^ab) — cr"'ABDa- The Sen 
connection, Vab, and the Levi-Civita connection, Dab, are related to each other through the 
spinor Kabcd- For example, for a valence 1 spinor ttc one has that 

"^abt^c = Dabt^c + t^Kabc t^d, 
with the obvious generalisations for higher valence spinors. 

3.4 Hermitian conjugation 

Given a spinor t:a, we define its Hermitian conjugate via 

t:a = TA ttb' • 

The Hermitian conjugate can be extended to higher valence symmetric spinors in the obvious 
way. The spinors vab and ^abcd are said to be real if 

VAB — —l^AB, iABCD — ^ABCD- 

It can be verified that VABi'^^ , (.abcdS,^^*^^ > 0. If the spinors are real, then there exist real 
spatial tensors Va, £,ab such that vab and ^abcd are their spinorial counterparts. 
Notice that the differential operator Dab is real in the sense that 

Dabt^c = —Dabttc- 
Crucially, however, one has that 
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3.5 Commutators 

The analysis in the sequel will require intensive use of the commutators of the covariant derivative 
operators V and V ab- These can be derived from a space spinor splitting of the commutator of 



Define 



Oab = Vc7'(^Vb) , Dab — ta tb Oa'B' = ta tb Vc(a'Vb') • 



The action of these operators on a spinor tta is given by 

OabT^C — '^ABCQ'^ + ^^f^CiAT^B), OabT^C — TA Tb ^FCA'B'T^ , 

where ^aba'B' and A denote respectively, the spinor counterparts of the tracefree part of the Ricci 
tensor i?^^ and the Ricci scalar R of the spacetime metric (/^^. Clearly, the above expressions 
simplify in the case of a vacuum spacetime, where we have ^abA'B' = 0, A = 0. 

In terms of D^^ and Oab, the commutators of V and V ab read 

[V, \/ab] - Dab - Dab - \KabV + K'^ ^a^ b)d - Kabcd^^'^ , (Ha) 

[Vas, Vcd] = - {eA(c'DD)B + ^B(c'^D)a) + 2 \^A(C^D)B + ^b(c'^d)a) 

+ ^{KcDABy - KabCD^) + KcDQiA^Bf - KabQ{C^ D)^ ■ (Hb) 

3.6 Decomposition of the Weyl spinor 

The Hermitian conjugation can be used to decompose the Weyl spinor ^ in terms of its electric 
and magnetic parts via 

EaBCD = X y^ABCD + '^ABCDj , BabCD = ^ {^ABCD — ^ABCDJ , 

so that 

^ABCD = EabCD + '^BabCD- 

The spinorial Bianchi identity V '^ abcd ~ can be split using the space spinor formalism to 
render 

y-^ABCD = 2V^A'i'BCDE, (12a) 

V^^^ABCD = 0. (12b) 

Crucial for our applications is that the spinors Eabcd and Babcd can be expressed in terms 
of quantities intrinsic to a hypersurface S. More precisely, if 0,ab — 0, one has that 

Eabcd ~ —r^ABCD) + 2^{ab ^cd)pq — q^abcdK, (13a) 

Babcd = -i D'-^(a^bcd)q, (13b) 

where vabcd is the space spinor counterpart of the Ricci tensor of the intrinsic metric of the 
hypersurface S. 

3.7 Space spinor expressions in Cartesian coordinates 

In some occasions it will be necessary to give spinorial expressions in terms of Cartesian or 
asymptotically Cartesian frames and coordinates. For this we make use of the spatial Infeld-van 
der Waerden symbols cr* ab, cTi^-^. Given x% ^^ G R"^ we shall follow the convention that 

X — ai X , 4aB — cr AB?i, 

with 

" -viv x^ x^ + ix^)^ ^^^"Tiv 6 a-ieJ- ^''^ 
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4 Killing spinor data 

In this section we review some aspects of the space spinor decomposition of the Kilhng spinor 
equation ([ij. A first analysis along these lines was first carried out in [23]. The current presen- 
tation is geared towards the construction of geometric invariants. 

4.1 General observations 

Given a symmetric spinor kab (not necessarily a Killing spinor), it will be convenient to define 
the following spinors: 

^ = V^Q«;PQ, (15a) 

3 

CSF = -^y{F°KB)D, (15b) 

^ABCD = y{ABKcD), (15c) 

Ua' = y^A'HAB, (15d) 

HA'ABC = i^A'(Al^BC), (15e) 

'5'aA'SB' = VaA'^BB' + VsB'^AA'- (15f) 

We will use this notation throughout the rest of the paper. Clearly, for a Killing spinor one has 

Ha'Abc = 0, Saa'bb' = 0. 

The spinors S,, ^ab and ^abcd arise in the space spinor decomposition of the spinors Ha'abc 
and ^AA'- To see this, let t^^ denote, as in section [31 the spinorial counterpart of a timelike 
vector with normalisation taa'T = 2. Some manipulations show that 

^AA' — 2'''AA'S. — 3T A'S,AB + 2''' A'Vk^B, (16a) 

Ha'ABC ^ TA'(AiBC) + 2'''A'{A^I^BC)-'^'TA' S.ABCD- (16b) 

Furthermore, the spinors ^, ^ab and £,abcd correspond to the irreducible components of Vabkcd 
so that one can write: 

^ AB^CD = £,ABCD - ^f^A{C^D)B - 3'^B{C^D)A - 3<^A(C'^D)bS.- (17) 

Using the commutator (jllb[) for vacuum one can obtain equations for the derivatives of ^ 
and S,AB — these will be used systematically in the sequel. The irreducible components of the 
derivative Vab^cd are given by: 

V^^as = - i^e + l^^^^^eABCD + if^^^as - |^^^V«:^s, (ISa) 

V {AiB}C — ^AbS, + 2^ABCDK. — jK^AB — 2^ABCdS, — 2^(7! ^B)CDF 

- fV^^asci? - ^^abC + l^iA''^B)c + j^^'^'Ubcd - |r!(^^V«B)c, (18b) 

^ (AbS,CD) ~ ?>^ F(ABCl^D) + K^ABCD — 2^ABCD^ + ^(ABC Cd)F — 2^ {AB^CD)PQ 

+ 3V (A^BCD)Q + 2^(AbS,CD) — 2^ {A^BCD)F + 2 ^(AB^'^CD) ■ (18c) 

We note the appearance of the term Wab(, in (Il8bp . Thus, there is no independent equation for 
the derivative of ^. 

Finally, we consider the equations for the second order derivatives of ^. For the sake of 
simplicity, we restrict our attention to the case when Qab = so that Kabcd — Kcdab- For 
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notational purposes we define ^abcdef = '^{ab^cdef)- One finds: 

j-\l \l FHKABCD + 2" ^ D<iABCF 

+ IV^^V^^^^BCD, (19a) 

V^(aVb)cC = 5^ABCDV^^e - \KVabL (19b) 

~ ~^{abc ^d)e + ^abcdelS, + -^K S,ABCD + 3QeFL{ABC^D) 

+ 3*(AS S,CD)EL — 2^(A ^BCD) ^ELFH — 3*_bl(A K ^BCD)F 

— C ^ELF(A^BCD) + 3^C(A ^BCD)E + 2^ ^EL(AB^CD)FH 

— 3*B(B '«A ^CD)LF — 3*B(AS '« ^CD)LF ^ ^ELF{B^A ^CD) 

— 4iff(AS ^CD)BL ^ 2^^(AS ^CD)BL + 2^ ^E{ABC^D)LFH 

— '2^E{BC S.A ^D)LFH + jS, ^ABCD^ELFH — ^K^^ABCD 
+ 2?(AB ^CD) ^ELFH + -^i(CD^ AB)K + —iE(BCD^ A) K 

— SflE{BCD^A) i—2^{A ^Cd£,B)ELF — 2^F{A V_D £,BC)EL 

— 2^{AB ^D (,C)ELF — 2^ L(d'^ C iAB)E — 2^ L(d'^ £.ABC)E 

— 6KVe{d£.ABC) + '^^LiAB V £,CD)EF — ^^{ABC ^ £,D)ELF 

— 3k^^Wl(d'^abc)e + 3K(A^VD^*i3c)BL. (19c) 

The equations presented in this section have been deduced using the tensor algebra suite xAct 
for Mathematica — see |38) . 

4.2 Propagation of the Killing spinor equation 

A straightforward consequence of the Killing spinor equation ([T]) in a vacuum spacetime is that: 

Dkab = -•^abcdh^'', (20) 

where D = \/^^ '^aa' ■ The latter equation is obtained by applying the differential operator \/^^ 
to equation ([1} and then using the vacuum commutator relation for the spacetime Levi-Civita 
connection. 

The wave equation (j20l) plays a role in the discussion of the propagation of the Killing spinor 
equation. More precisely, one has the following result — cfr. |23^ for further details. 

Lemma 7. Let kab be a solution to equation (|20p. Then the corresponding spinor fields Ha'ABC 
and SaA'BB' "will satisfy the system of wave equations 



UHa'Abc = 4 {^(ab'^'^Hopqa' + ^ (a^^ Sbc)Q'A') , (21a) 

USaa'bb' = -Vaa- {"^b^^^Hb'pqr) - Vbb' {^a^^"Ha'pqr) 

+ 2^AB^^SpA'QB' +2^A'B''"^' SaP'BQ'- (21b) 

The crucial observation is that the right hand sides of equations (|21al) and (|21bl) are ho- 
mogeneous expressions of the unknowns and their first order derivatives. The hyperbolicity of 
equations (|21al) and (I21bp imply the following result — again, cfr. [23] for further details. 

Proposition 8. The development {A4,g^^) of an initial data set for the vacuum Einstein field 
equations, (S, hat, Kab)- ho-s a Killing spinor in the domain of dependence of U d S if and only 
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if the following equations are satisfied on U. 

Ha'Abc = 0, (22a) 

VHa'Abc = 0, (22b) 

Saa-bb' = 0, (22c) 

^Saa'bb' = 0. (22d) 

4.3 The Killing spinor data equations 

The Killing spinor data conditions obtained in Proposition [5] can be reexpressed in terms of 
conditions on the spinor kab which are intrinsic to the hypersurface S. For this one uses the 
spht oi ^AA' and Ha'Abc given by equations (|16al) - (jl6bp . Extensive computations using the xAct 
suite for Mathematica render the fohowing resuh. 

Theorem 9. Let (S,hab, Kat) be an initial data set for the Einstein vacuum field equations, 
where S is a Cauchy hypersurface. Let U d S be an open set. The development of the initial data 
set will then have a Killing .spinor in the domain of dependence of U if and only if 

Ubcd = 0, (23a) 

^(ABC^^iD)F = 0, (23b) 

3k(^^Vs^*CD)BF + ■^(ABc'"^D)F = 0, (23c) 

are satisfied on lA. The Killing spinor is obtained by evolving (j20p with initial data satisfying 
conditions (|23ap - (|23cp and 

Vkab = -IUb (24) 

on U. 

Remark 1. Conditions (J23ap - (j23cp are intrinsic loU (Z S and will be referred to as the Killing 



spinor initial data equations. In particular, equation (j23ap . which can be written as 

V(AsKci3) = 0, (25) 

will be called the spatial Killing spinor equation, whereas (I23bp and (j23cp will be known as the 
algebraic conditions. 

Remark 2. Theorem [5] is an improvement on Proposition 6 of [23] where the interdependence 



of the equations implied by (J22ap - (l22dp was not analysed. 

Proof. The proof of Theorem IH] consists of a space spinor decomposition of the conditions (|22ap - 



(j22dp and of an analysis of the dependencies of the resulting conditions. All calculations are made 
onU <ZS. 



• 



Decomposition of equation (|22ap . Splitting tf Ha'Abc into irreducible parts gives that 
(|22ap is equivalent to 

Ubcd = 0, (26a) 

VKAB = -|as. (26b) 

Decomposition of equation (|22bp . It follows that 

td VHa'Abc — V(t£) Ha'abc) + Ha'abcKdft 
Hence, under the condition (|22al) . the irreducible parts of td^ S/Ha'Abc are given by 

"^Ubcd = 0, (27a) 

V^'iAB^-I^UB- (27b) 
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From the commutator (|llap together with (j26ap and (|26bp we get 

— '2'^ (ABC HD)F — 3^(AbCcD) — -jS^ABCD^ + 3^(ASC Cd)F " ^^ (AB^CD)- 

Equation (|18cp and again (|26ap and (j26bp then yield 

^UbGD - 4^(ABC^'tl3)F- (28) 



Using the commutator (|llap one obtains that 

(29a) 

V^AS = 2*-4SCD'« — -2^ABi — ^K^aB + 2^ {A^B)C + jK £,ABCD — 2^^AB 

- 2^ {A^B)C + 4^ ^ABCD + 2^(A ^B)CDF + 2^ ^ABCD 

- |K^(aVkb)c + Vc(aVks)^ (29b) 
In terms of the normal derivative and the Sen connection, equation (j20p reads 



y^KAB = - 2^ABCDK^" - K^KAB ^ fVAB^ - |Vc(Ae^S) " 2S/^^UbCD 

^B)C + K CaSCD + gf^AsC + 3C (A^B)C 
2CABCZ5fi^'^. (30) 



3' 

It is worth stressing that equations (j29ap . (j29bp and (l30l) are valid not only on Z//, but on 
the spacetime. Hence, it makes sense taking normal derivatives of these equations. Using 
(|29bP . (|26bp and (|26ap . the wave equation ([^0]) is seen to imply 

V^K^B + fV^AB = - '^ABCDti^'^ + fif^AB + l^AB^ + .e'^(Af^B)C 
+ gf^ASCDC - 3 VaB'? - 3 Vc(A^ B)- 

Using equations (|18bl) . (|26bl) . (|26ap . the latter equation reduces to (|27bp . This far we have 



that for all solutions to ([20|) . the system (|22ap . (j22bp is equivalent to the system (|23a| 



(I23bl) . dMl)- 

Decomposition of equation (j22cp . Splitting tc t^^ -Saa'SB' into irreducible parts yields 

V(^sVkc£,) - ^ABCD^ + 3^(ABC ^n)F - K(^aBC ^ I^D)F " |V(^b^c£I) = 0, (31a) 
2Ve - li^-^^^AB + i^'^'^VKAS = 0, (31b) 

IVabC^'' + i^e - P^'^Ub + ri^^VK^B - VabV/.^^ = 0, (31c) 

2-^BnC - ^K (bS,d)A + 2^ {B^I^D)A - ^KbdAcS. + 2^BDAC'^K 

+ IV^BD-^^^KBD+^BD^ = 0. (31d) 

Using equations (|18ap . (|18cp . (|26al) . (|26bp and (|27bp . one sees that equations piap - picp 
simplify to 

'i'^iABc'iD)F = 0, (32a) 

W^^K^^'Ub, (32b) 

VCbd = -^A^Bi^e + K^iB^D)A + KbdacS,^^ ~ "^bdL (32c) 

while equation (|31dp is seen to be satisfied identically. Furthermore, employing equations 
(IT5ap . p^ . (pSaP . (I^5a| . ((26bt and (l29b)) one obtains equation ((3^ and ((5^ . Hence, 
they are a consequence of the commutators, (I26bp and (|26ap . One concludes that for all 
solutions to (PO)) . the equations (|23al) . (|23bp together with ([M|) are equivalent to (I22ap . 
(I22b)) . (1^^ . 
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• Decomposition of equation (|22dp . A straightforward computation shows that 

TC Td ySAA'BB' 

— V{tc tb Saa'bb') + KcfSaa'bb'Td t + KdfSaa'bb'Tc t 

Hence, if condition (I22cp holds, the irreducible parts oirc^Tu^ ^Saa'BB' are V-derivatives 
of (|31ap - (j31dp . Using equation (I27bp . these components become 

^ABCd'^S, + ^{Ab'^^CD) — 2ri (ABC'^^D}F + -^^{AB^^CD) 
— 2^K(AB^^CD) + ^^^ABCD + 3^ {a'^^BCD)F 

~{Vk^(a)'^^bcd)f + f^^(AB^CD) - VV(^sVkcd) = 0, (33a) 

2V2e - 2K^''VUb + {VK^'')Vkab ~ ^^'^''VKab = 0, (33b) 
iVK + KV^ - 2n^^VUB - ^i^^y^AB + {VK^^)VnAB 

+ |VVabC^^ - VVasVk-^^ = 0, (33c) 

+ (yK^{BW>iD)A + {VKBDAc)y>i^^ + KbdV^ - 2K^^b^^d)A 

-2KBDAcy^^ + 2V^iBD + 2VVbdC (33d) 

Now, using the commutator (|llap . and equations (j27bp and (|26bp it is easy so see that 

VVasVkcc - -fWAsecD. (34) 

Taking the normal derivative of the spacetime equations (|29ap - (l29bp and using the relations 
dMl), dUil), (ITSbl) . dMil), (l26bl) . (I?7al) and (l27bl) one gets 

^^Ub = - \iVKAB - f[AyKB)c + \UbVK - \KabV^ + \KVUb 

+ K (A^iB)C - ^ (A^iB)C + ^ABCD^i + C (aVJ7b)c 

Using these last two equations together with equations (|18ap . (|18cp . (|26ap . (|26bp . (|27ap . 
(|27bl) and (I32bp one finds that the system P3ap - (l33dp reduces to 

4*^(abcCd)f + 6k-^(aV*bcd)f = 0, (35a) 

V^KSD + l^^iBD = 0. (35b) 

Taking the normal derivative of equation (15(11) and using equations (J18bp , (|26al) , (I26bp , (|27al) , 
(|27bl) and p2bl) one gets equation p5bp . Finally, using the Bianchi equation (|12ap . one has 



that equation pSap reduces to 

3K(^^Vb^*CD)BF + ■^(ABC^^D)F = (36) 

This completes the proof. D 

Remark. Note that the result is independent of Kab and VIab- 

4.3.1 The Killing spinor initial data conditions in terms of the Levi-Civita connec- 
tion 

It should be stressed that the Killing spinor equations (|23ap - (l23cp are truly intrinsic to the 
hypersurface S. This can be more easily seen by expressing the Sen connection, V ab, in terms 
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of the intrinsic (Levi-Civita) connection of the hypersurface, Dab, and the second fundamental 
form Kabcd- One obtains the fohowing completely equivalent set of equations: 

D(ABl^CD) + ^{ABC I^D)E = 0, 
"^(ABC I^D)F = 0, 

3K(^A^Db^'^CD)EF - J^ L{ABcD"^ K.D)H - J^L{ABcDd)^K.^F 

_L3,Tf ^O ^FH , 3,T, HL^ Fo 3 ,t, Lr-i ^FH 

+ J^(ABC ^'■D)FHLl^ + 2^(AB ^c i^DjFHL — 2^ FH(A ''^BCD)Ll^ 
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^^FHiABUCD}^^" + j'^FHiAB^CD)^^" = 0, 



where the last expression was simplified using the first algebraic condition, and the value of the 
Weyl spinor is expressed in terms of initial data quantities via formulae (|13al) - (jl3bp . 

4.4 The integrability conditions of the spatial KiUing spinor equation 

For the rest of the paper we assume that the tensor Kab is symmetric — accordingly, ^Iab — 0. 
The condition ^abcd = ^ (abi^cd) = does not immediately give information about the other 
irreducible components oiV ab^cd, namely ^ and ^ab- However, using ^abcd = and ^Iab = 
in the relations (I18ap - (|18cp one finds that Wab^cd can be written in terms of Wab^ and lower 
order derivatives of kab- Furthermore, using £,abcd = in the relations (I19ap - (jl9cp . we see that 
the second order derivatives of ^ can be expressed in terms of lower order derivatives of kab- 
This yields the following result which will play a role in the sequel: 

Lemma 10. Assume that V (ab^^cd) — 0, then 

^ab'^cd'^efugh — Habcdefgh, 

where Habcdefgh is a linear combination of kab, ^ abK'CD o-ndV ab"^ cdK'EF with coefficients 
depending on ^abcd, ^abcd and Kabcd- 

Remark. It is important to point out that the assertion of the lemma is false if '^ (abi^cd) 7^ 0. 

5 The approximate Killing spinor equation 

In what follows we will regard the spatial Killing spinor equation (j23a|) as the key condition 
of the Killing spinor initial data equations. Equation (j23ap is an overdetermined condition for 
the 3 (complex) components of the spinor kab'- not every initial data set (5, hab,Kab) admits a 
solution. One would like to deduce a new equation which always has a solution and such that 
any solution to equation (I23ap is also a solution to the new equation. 



5.1 The approximate KiUing spinor operator 

Let ©2 and 64 denote, respectively, the spaces of totally symmetric valence 2 and valence 4 
spinors. Given Cabcd, Xabcd S 64, we introduce an inner product in 64 via: 

{Cabcd,Xefgh) ^ / CabcdX d/x, 

Js 

where dfi denotes the volume form of the 3-metric kab- We introduce the spatial Killing spinor 
operator $ via 

$ : 62 ^ 64, ^{k)abcd = '^(abKcd}- 
Now, consider the pairing 



{'^{ABI^CD),CeFGh) ^ / '^{ABKcD)C'^^^^dn 

Js 
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The formal adjoint, $*, of the spatial Killing operator can be obtained from the latter expression 
by integration by parts. To this end we note the identity: 

/ V^^«C^^CASCDdM- / «;^^V^%^dM+ / 2^^^n^'^^ACBCDFd^l 

Ju Ju Ju 

= f n^^K^^ascDd^, (37) 

JdU 

with U d S, and where dS denotes the area element of dU, hab is the spinorial counterpart of 
its outward pointing normal, and C,abcd is a symmetric spinor. From (j37p it follows that 

$* : 64 ^ ©2, f* iOcD - ^^""Ubcd - 2n^'''^^cCD)ABF. (38) 

Definition. The composition operator L = $* o $ ; ©2 — > ©2 given by: 

L{ncD) = '^ "^ (ABl^CD)-^ (A^\DF\I^B)C -^ (A^ B)FI^CD = '^^ (39) 



will he called the approximate Killing spinor operator, and equation (j39p the approximate Killing 
spinor equation. 

Remark. Note that every solution to the spatial Killing spinor equation (|25l) is also a solution 
to equation ([55]) . 

5.2 Ellipticity of the approximate Killing spinor operator 

As a prior step to the analysis of the solutions to the approximate Killing spinor equation ([5^ , 
we look first at its ellipticity properties. 

Lemma 11. The operator L defined by equation (j39p is a formally self-adjoint elliptic operator. 

Proof. The operator is by construction formally self-adjoint as it is given by the composition of 
an operator and its formal adjoint. In order to verify ellipticity, it suffices to look at the operator 

L'(k)cd = 9^^9(abKcd), 

corresponding to the principal part of L in some Cartesian spin frame. In the corresponding 
Cartesian coordinates {x'^,x'^,x^) one has that 

n ^ _}_[ -9i - 192 93 \ „AB _ _}_( -dl + 192 93 

^"^ V2 V 93 9i - 192 y ' "^ V2 V 93 9i + 192 

In particular, 9^^9ab = A = 9f + 9| + 93, the flat Laplacian. One notes that 

9^'^5(pq«;ab) = Id^'^dpQKA^ + ^9PQ9p(A«B)Q + ^9PQ9ab«;pq. 

Now, writing 

Kq = Kqo, Ki = Kqi, K2 = Kii, 

one has that L' can be expressed in matricial form as A^^didjU, where 







/ 7A - 92 


-29i93 


5|-9? 





-29293 


-29i92 \ 






-9i93 


6A + 29| 


9i93 
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^ -29i92 


9293 





dl - 9? 


29i93 


7A -9| J 



(40) 
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(41) 



and 

/ Re(Ko) \ 

Re(Ki) 

Re(K2) 

Im(Ko) 

Ini(Ki) 
V Ini('^2) ) 

The symbol, l(f,i\ of the operator given by (HUl) is then given by replacing di with ^i e M? . One 
finds that 

so that det /(^i) = if and only if ^^ = 0. Accordingly, the operator L = $* o $ is elliptic. D 



5.3 A variational formulation 

We note that the approximate Killing spinor equation arises naturally from a variational principle. 

Lemma 12. The approximate Killing spinor equation p9p is the Euler-Lagrange equation of the 
functional 



J^ / V(^B«:cD)V'4s«C7Drf^. (42) 

Js 

Proof. This is a direct consequence of the identity (1571) . D 

6 Asymptotically Euclidean manifolds 

After having studied some formal properties of the Killing spinor initial data equations (|23a|) - 
(|23cp . (pil) . and the approximate Killing spinor equation ([5^ . we proceed to analyse their solv- 
ability on asymptotically Euclidean manifolds. In order to do this we introduce some relevant 
terminology and ancillary results. 

6.1 General assumptions 

In what follows, we will be concerned with vacuum spacetimes arising as the development of 
asymptotically Euclidean data sets. Let (S,hab, Kab), denote a smooth initial data set for the 
vacuum Einstein field equations. The pair {hab,Kab) satisfies on the 3-dimensional manifold S 
the vacuum constraint equations 

-2r - K\K\ + KabK"'' = 0, (43a) 

D-'Kab - DbK\ - 0, (43b) 

where r and D denote, respectively, the Ricci scalar and the Levi-Civita connection of the neg- 
ative definite 3- metric hab, while Kab corresponds to the extrinsic curvature of S. The unusual 
coefficients in the formulae above come from our normalisation of t^ . For an asymptotic end it 
will be understood an open set diffeomorphic to the complement of a closed ball in R . In what 
follows, the 3-manifold S will be assumed to be the union of a compact set and two asymptotically 
Euclidean ends, ii, 12. 

6.2 Weighted Sobolev norms 

In order to discuss the decays of the various fields on the 3-manifold S we make use of weighted 
Sobolev spaces. In what follows, we follow the ideas of ^9^ written in terms of the conventions of 
[3]. Choose an arbitrary point O G S, and let 

a{x) = {l + d{0,x)Y^\ 
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where d denotes the Riemannian distance function on S. The function a is used to define the 
following weighted L^ norm: 

\\u\\s^[J \u\^a-''-'dx) , (44) 

for (5 G R. In particular, li 5 — —3/2 one recovers the usual L^ norm. Different choices of origin 
give rise to equivalent weighted norms — as mentioned before, the convention of indices used in 
the definition of the norm (03]) follows the one of Bartnik [3] . The fall off conditions of the various 
fields will be expressed in terms of weighted Sobolev spaces Hg consisting of functions for which 
the norm 

IMs^s^ Y^ ||i:>"-u|U_i„| < oo, 

0<|a|<s 

with s a non-negative integer, and where a = (ai,a2,Q;3) is a multiindex, \a\ = ai + a2 + as- 
We say that u £ Hg° if u S Hg for all s. We will say that a spinor or a tensor belongs to a 
function space if its norm does. For instance, the notation (ab G H'I is a short hand notation for 

We will make use of the following result: 

Lemma 13. Let u G H"^ . Then u is smooth (i.e. C°° ) over S and has a fall off at infinity such 
thatD^u^o{r^~\^\). 

The smoothness of u follows from the Sobolev embedding theorems. The proof of the behaviour 
at infinity of u can be found in [3] — cfr. Theorem 1.2 (iv) — while the decay for the derivatives 
follows from the definition of the weighted Sobolev norms. 

Remark. Here r is a radial coordinate on the asymptotic end — see the next section for details. 

We also note the following multiplication lemma — cfr. e.g. Theorem 5.6 in [9]. 

Lemma 14. Let u e H^^ , v e H^ . Then 

^« e H^+S,+e' ^ > 0. 

Notation. We will often write u — Oooir^) for u G Hg° at an asymptotic end. 

For the present applications we will require a somehow finer multiplication lemma concerning 
the behaviour at infinity. For this we exploit the fact that we are working with smooth functions. 
More precisely: 

Lemma 15. Let u = Ooo{r^''), v — 0rx,{r^^) and w — 0{r''). Then 

uv^o{r^^+^^), MW = o(/i+'^). 

Proof. Let dSr denote the surfaces of constant r. For sufficiently large r (so that one is in an 
asymptotic end), the surface dSr has the topology of the 2-sphere. Now, the functions u, v are 
continuous and the surfaces dSr are compact. Therefore, for sufficiently large r the functions 

/(r) = max jur" ^ I, ^(r) = max |wr~ ^ |, 

dSr dSr 

are finite and well defined. Furthermore r^|u| < f{r), r^\v\ < g{r). By construction, one has 
that /(r) = o(l) and g{r) = o(l) — that is, /, g — ?► for r — ?► oo. One also has that |t(jr~'''| is 
bounded by a constant C. Hence, 

\uv\ < /(r)5(r)/i+*^ = o(/i+'^^), 

\uw\ < /(r)/i|u;| < C/(r)/i+'' = o(/i+'^), 

from where the desired result follows. D 

Remark. The lemmas extend to symmetric spatial spinors with even number of indices by the 
Cauchy-Schwartz inequality. 
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6.3 Decay assumptions 

As mentioned before, our analysis will be restricted to initial data sets (5, hab, Kab) with 2 asymp- 
totic ends. Without loss of generality one of the ends will be denoted by the subscript/superscript 
+ on the relevant objects, while those of the other end by — . Often, when no confusion arises 
the subscript/superscript will be dropped. 

Remark. We do not need to assume any topological restriction apart from paracompactness, 
orientability and the requirement of 2 asymptotically flat ends. Hence, we can have an arbitrary 
number of handles. For black holes, this means that we can handle Misner-type data with several 
black holes [5U] . 

The standard assumption for asymptotic flatness is that on each end it is possible to introduce 
asymptotically Cartesian coordinates x\. with r = ((a;±)^ + [x^Y + {x\YY^'^^ such that the 
intrinsic metric and extrinsic curvature of S satisfy 

% = -5^J + Ooo(r"^/^), (45a) 

if.,-Ooo(r-3/2). (45b) 

Note that the decay conditions (|45ap and (|45bp allow for data containing non-vanishing linear 
and angular momentum. For the purposes of our analysis, it will be necessary to have a bit more 
information about the behaviour of leading terms in hij and Kij . More precisely, we will require 
the initial data to be asymptotically Schwarzschildean in some suitable sense. For example, in [5] 
the assumptions 

h,, = - (1 + 2m±r-i) % + Ooo(r-3/2), (46a) 

K,, = Ooo(r-'^/2), (46b) 

have been used. This class of data can be described as asymptotically non-boosted Schwarz- 
schildean. Here, we consider a more general class of data which includes boosted Schwarzschild 
data. Following [5J [2S] we assume 

h., = - (l + ^) % - ^ (^ - *,,) + o^(r-3/2), (47a) 

K. = ^{^-S.)+Ooo{r-'^% (47b) 

where a± and I3± are smooth functions on the 2-sphere and A± denotes a constant. The functions 
a and f3 are related to each other via the vacuum constraint equations (I43a[) and (j43bl) . We will 
later need to be more specific about their particular form. The decay assumption for the metric, 
equation (j45ap and hence also (j47al) . is included in the analysis of [9^. 

Important for our analysis is that boosted Schwarzschild data is of this form — see [6] . It is 
noticed that a second fundamental form of the type given by (|47bp is, in general, not trace-free: 

Henceforth, we drop the superscripts/subscripts ± for ease of presentation. If ± appears in 
any formula, -I- is assumed for the (-l-)-end, — for the (— )-end. For the =F sign we assume the 
opposite. 

6.4 ADM mass and momentum 

The ADM energy, E, and momentum, p,;, at each end are given by the integrals: 



E=-^ f 6'' {d,h,k - dkh,) — d5, 

1 [ x^ 

f57r Jds^ f 
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so that the ADM 4-niomentum covector is given by p^ ~ {E,pi). In what follows it will be 
assumed that p^ is timelike — that is, Pp.p'^ > 0. The need of this assumption will become clear 
in the sequel. From the ADM 4-momentum, we define the constants 



2 — 7;i2 _2 



m = \/p'^Piy , p — E — m 

6.5 Asymptotically Schwarzschildean data 

Boosted Schwarzschild data sets — i.e. initial data for the Schwarzschild spacetime for which 
Pi ^ satisfy the decay assumptions (I47ap - (|47b|) . This type of data satisfies: 



A^ 



2m I 1 + 2 



(n-w)2\ / {n-vf\ ^/^ 2m 



2^."-« ^3 , i^-^f\f, , (^•«)' 



1-^2 V2 1-v^ J \ 1-v 



-3/2 



where n^ = x^/r, n ■ v = n^Vi, v^ = S^^ViVj, Vi is a constant 3-covector — cfr. [6], and m± = m. 
Note that if u^ = then (|47a|) - (j47bp reduce to (l46al) - (j46bl ). It can be checked that 



Rewriting this in terms of (E,pi), we get 

2m^ + 4in-pf {n- p)E{im^ +2{n- pf) 

A^E, a ^ —1=^====^ ~ 2E , /3 = , i , , ^iw^ 48) 

^/m^ + {ji-p)^ [m^ + [n-pYY/^ 

where n ■ p ^ n^Pi = r^^x^pi. 

Assumption. In the sequel, we will restrict our analysis to initial data sets which are asymp- 
totically Schwarzschildean to the order given by (|47al) - (j47bp . For any asymptotically flat data 
that admits ADM 4-momentum, one can compute {E,pi), and then try to find coordinates that 
cast the metric and extrinsic curvature into the form (J47ap - (l47bp with {A,a,/3) given by ([35]) 
with m = m±. If this is possible, we will say that the data is asymptotically Schwarzschildean. 
We expect this to be the case for a large class of data. The initial data sets excluded by this 
assumption will be deemed pathological. Examples of such pathological cases can be found in 
P5] . We stress that all data of the form (J46al) - (j46bp is included in our more general analysis. 

The need to restrict our analysis to asymptotically Schwarzschildean data as defined in the 
previous paragraph will become evident in the sequel, where we need to find an asymptotic 
solution to the spatial Killing spinor equation. 

7 Asymptotic behaviour of the spatial Kilhng spinors 

In this section we discuss in some detail the asymptotic behaviour of solutions to the spatial 
Killing spinor equation on an asymptotically Euclidean manifold. We begin by studying the 
asymptotic behaviour of the appropriate Killing spinor in the Kerr spacetime. Then, we will 
impose the same asymptotics on the approximate Killing spinor on a slice of a much more general 
spacetime. In what follows, we concentrate our discussion on a particular asymptotic end. 

7.1 Asymptotic form of the stationary Killing vector 

As seen in section [2j the Killing spinor of the Kerr spacetime gives rise to its stationary Killing 
vector ^^. It will be assumed that the spacetime is such that p^ = {E,pi) is timelike at each 
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asymptotic end. If this is the case, then v^ j \J'p"'Pv gives the asymptotic direction of the stationary 
Kilhng vector at each end — see e.g. [4]. Let 



TTi = \J'p"'Pv I P — E — TO . 

Recah now, that ^ and ^ab denote the lapse and shift of the spinorial counterpart, £_^^ , of the 
Kilhng vector ^^. One finds that for non-boosted initial data sets of the form (|46ap - (j46b[) . one 
has in terms of the asymptotic Cartesian coordinates and spin frame, that 

The factor of v2 arises due to the particular normalisations used in the space spinor formalism. 
This particular form of the asymptotic behaviour of the Killing vector has been discussed in [5] . 

Now consider the more general case given by (I47ap - (j47b[) . Again, adopting asymptotically 
Cartesian coordinates, we extend pi to a constant covector field on the asymptotic end. In terms 
of the associated asymptotically Cartesian spin frame, we then define pab = cr^ABPi- One finds 
that 

e = ±^+Ooo(.-n aB = ±^^^^+Ooo(r-n (49) 

m m 

We see that the conditions P^ are well defined even if we do not have a Killing vector in 
the spacetime. Hence, for the general case when the metric satisfies (|47ap - (|47b[) and the ADM 
4-momentum is well defined, we can still impose the asymptotics (|49p for our approximate Killing 
spinor. We will however need to assume that the functions in the metric are given by (|48p . 
Otherwise we will not be able to assume £,abcd & H'^^,^, as we will do in the next section. We 
will later see that this condition is important for the solvability of the elliptic equation (|39p . 

7.2 Asymptotic form of the spatial Killing spinor 

In the sequel, given an initial data set {S,hab,Kab) satisfying the decay conditions (I47ap - (j47bp 
with A, a and /3 given by (1481) with m = m±, it will be necessary to show that it is always possible 
to solve the equation 

V(abKcd) =Ooo(»^"^/^), (50) 

order by order without making any further assumptions on the data. A direct calculation allows 
us to verify that: 

Lemma 16. Let (S,hab, Kat) denote an initial data set for the vacuum Einstein field equations 
satisfying at each asymptotic end the decay conditions (j47ap - (|47bp with A, a and j5 given by (j48p 
and m the ADM mass of the respective end. Then 

V2E / , 2E\ 

KAB = T^ IH a^AB 

6m \ r / 

±^^ 1 + , „ , PQiAXn)^ + oooir ^n, (51) 

6m y r y/mP- + {n-p)^r J 

with xab 05 in (J14l) . and n ■ p — r^^x^^pAS satisfies equation (|50p. 
Remark. Formula ((5T|) implies the following expansions for ^ and ^ab: 

m myym^ + [n-p)'' 

( 2V2E V2(E^ + iin ■ pf) mE"^ \, , . 

Ub=±{ -— + \ , =■ + ^, , , ^TTTT {n ■ pr-^XAB 

y m m^m^ + {n-pY \'2{m^ + {n ■ p)^f/^ J 

ym mr my'm^ + {n ■ p)^r J 
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In the case of non-boosted data the expansions ((5T|) . (|52ap and (j52bp reduce to 

%/2 / 2m\ , _, ,2n 

KAB=T^IH jXA-B+Ooc{r ' ), 

e = ±V2 T V2mr-i + Ooo(r-3/2), 
Cab =0oo(r"^/^), 

as discussed in [2]. 

7.3 Existence and uniqueness of spinors with Killing spinor asymp- 
totics 

In this section we prove that given a spinor kab satisfying equation (j49p and (J50L then the 
asymptotic expansion ([51]) is unique up to a translation. 

Theorem 17. Assume that on an asymptotic end of the slice S, one has an asymptotically 
Cartesian coordinate system such that (|47ap - (l47bp hold. Then there exists 

A«AB = Ooo(r3/'), (53) 

such that 

aBCD=o^(r-3/2), ^^^^±}^^P^+o^ir-'/% ^^±:^+oUr~"% (54) 

m m 

The spinor kab *s unique up to order Oao{r~^''^), apart from a (complex) constant term. 

Remark 1. The complex constant term arising in Theorem [T71 contains 6 real parameters. In 
the sequel, given a particular choice of asymptotically Cartesian coordinates and frame, we will 
set this constant term to zero. Note that a change of asymptotically Cartesian coordinates would 
introduce a similar term containing only 3 real parameters — which by construction could be 
removed by a suitable choice of gauge. In what follows, we will use coordinate independent 
expressions, and therefore, this translational ambiguity will not affect the result. 

Remark 2. Note that ^abcd = Orx,{r~^^^) implies £,abcd G L^- The conditions in Theorem [T71 
are coordinate independent. 

Proof. A direct calculation shows that the expansion ([^ yields (|52ap . (j52bl) and ^abcd = 
Ooo{r~^'^). Hence, (j5ip gives a solution of the desired form. In order to prove uniqueness we 
make use of the linearity of the integrability conditions (I18ap - (|18cp and (|19ap - (|19cp . Note that 
the translational freedom gives an ambiguity of a constant term in kab • Let 

.V2E ( ^ ^ 2E\ ^ _ _L 2V2 /^_, , AE m^ + 2{n-pf ^^ ^ q 



KAB = T^ ( 1 + ) a;AB ± -T. 1 + y „ , . ^ Pcl(AXTi)^. (55) 

im \ r J 6m y r ^m^ + {n ■ p^r J 

Let Kab, be an arbitrary solution to the system (I49p . (|50p . Furthermore, let kab = 'Jab — kab- 
We then have 

Ubcd = Ooo{r-^^^), Ub = Ooo(r"^/^), C = Ooo(r-"^/^), kab = o^{r^/^). 

To obtain the desired conclusion we only need to prove that kab = Cab +Ooo(''^^ ), where Cab 
is a constant. This is equivalent to Dab^cd — Ooo{r^^''^)- Note that we now have coordinate 
independent statements to prove. 

We note that from (|Tfa | - (|47bp it follows that 

Kabcd = o^{r-^+^), "^abcd = Ooo(r"^+^), 
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with £ > 0. From (|T7)) and Lemma [HI we have 

DabKCD — ^ABCD — -^£A{ciD)B — ^^B(c£,D)A — 3^A{C^D)b£, — Kab(C I^D)E 

Integrating the latter yields 

^AB = Ooo(ri/"+^). 

The constant of integration is incorporated in the remainder term. Repeating this procedure 
allows to gain an e in the decay so that 

Dabkcd = Oooir^^^^), K.AB = Ooo{r^^^)- 

Estimating all terms in (J19ap . (J19bl) and (I19cp gives 

V^^Vab^ = UbV^^'K + o^{r-y^) 

-Ooo(r-^/^+^), (56a) 

= 0oo(r-^/2+^), (56b) 

'^(Ab'^CD)^ = + 2^ABCD^~ 2^ABCD^ - -^^{ABC ^D)E ^"^ [ABC ^D)E 

+ ^ABCDEl£, + ■^^{CD^AB)K — 3flE{BCD^A) ? 

- 3k^^Vlp*^sc)£ + 3k(^^Vz3^*bc)bl + Oco(r-^/') 
^Ooo{r-'/'+n- (56c) 

Hence, VabVcdC — Ooo('"^^^^^'^), and therefore DabDcd^. — Oaoir~'^^^~^'). Integrating this 
yields Dab^ = Oao{r^^^^^^)- In this step the constants of integration are forced to vanish 
by the condition DabS, — Ooo(»'~'^ ), which is a consequence of ^ = Ooo{r~^''^). Integrating 
DabS, — Oaoir^^^"^^^) and using ^ — Ooo(?'^^^^) to remove the constants of integration yields 

Estimating all terms in (|18ap . (J18bl) and (|18cp yields 

V^^Cab = oUr-y^+% (57a) 

^^{A^B)C = I^ABCDK^'' - fif^AB " l^ABCof + ^ AB^ + 0^{r-^/^) 

= o^(r-5/2+-), (57b) 

''^{AB^CD} — •^^E{ABC''^D) ^ ^E{ABC^D} + Ooc{r ' ) 

= Ooo{r-'/'+n- (57c) 

Hence, Vab^cd = Oooir"^^'^'^'^), and therefore DabS,cd = Oaa{r~^^'^'^^). Integrating and using 
S,AB = Ooc{r~^^'^) to remove the constants of integration yields 

UB^o^{r-'/'+^). 

Now, 

DabKcD — £.ABCD — ■^^A(ciD)B — ■^'^B{C^D)A — ^^A{C^D)B^ ~ Kab{C I^D)E 

Integrating the latter we get 

'«Ai3 = CAB+o^(r-i/2+^), 

where Cab is a constant in some frame. To get a frame independent statement one can still use 
the estimate kab — Ooo{r^)- Reevaluating the estimates (|56ap . (j56b[) and (I56cp yields 

V^^^AB^^o^ir-y'), 
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Hence, one obtains 

VAsVcDe-Ooo(r-^/2). 

Integrating as before, we get 

e = 0^(r-3/2). 

Finally, we can reevaluate the estimates (I57bp and (j57cL to get 

V^(ACB)C = Ooo(r-5/2), 
"^{AB^CD) = Ooo(r-'/2). 

Combining this with (|57ap . we obtain 

Integrating as before, we get 

Ub = o^{r-'/^). 

Hence, 

DabKcD — ^ABCD — 3^A(cCd}B ~ -^<^B{c£.D)A " ^^A{C^D)bC — Kab{C I^D)E — Ooo{r^ ' ), 

from where the result follows. D 

From the asymptotic solutions we can obtain a globally defined spinor kab on S that will act 
as a seed for our approximate Killing spinor. 

Corollary 18. There are spinors kab, defined everywhere on S, such that the asymptotics at 
each end is given by (j5ip . where opposite signs are used at each end. Different choices of kab 
can only differ by a spinor in H^^,^. 

Remark. The opposite signs at each end are motivated by looking at the explicit example of 
standard Kerr data. 

Proof. Theorem [T7] gives the existence at each end. Smoothly cut off these functions, and 
paste them together. This gives a smooth spinor kab defined everywhere on S. Furthermore 

8 The approximate Killing spinor equation in asymptoti- 
cally Euclidean manifolds 

In this section we study the invcrtibility properties of the approximate Killing spinor operator 
L : &2 — >■ ©2 given by equation p9p on a manifold S which is asymptotically Euclidean in the 
sense discussed in section [B] In order to do so, we first present some adaptations to our context 
of results for elliptic equations that can be found in [51 [T31 133 . 

8.1 Ancillary results of the theory of elliptic equations on asymptoti- 
cally Euclidean manifolds 

8.1.1 Asymptotic homogeneity of i 



Let u be the vector given by equation (|4T|) . The elliptic operator defined by (p9l) can be written 
matricially in the form 

{A'^ + al')D.iDjU + a[DiU + a^u = 0, 

where A^^ corresponds to the matrix associated to the elliptic operator with constant coefficients 
L' given by equation PO)) . and aj"*, a\, oq are matrix valued functions such that 
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Using the terminology of [HI ES] we say that L is an asymptotically homogeneous elliptic operator^ 
This is the standard assumption on ehiptic operators on asymptoticaUy Euchdean manifolds. It 
follows from [S], Theorem 6.3 that: 



Theorem 19. The elliptic operator 



L : Hg ^ Hg_2, 



with 5 is not a non-negative integer is a linear bounded operator with finite dimensional Kernel 
and closed range. 

8.1.2 The Kernel of L 

We investigate some relevant properties of the Kernel of L. This, in turn, requires an analysis of 
the Kernel of the operator of the Killing spinor equation (1^51) . 

The following is an adaptation to the smooth spinorial setting of an ancillary result from [13jj. 
Theorem 20. Let vaiBi-a b he a C°° spinorial field over S such that 

V_B„^iF„ + i ■ • • '^EiFil^AiBi---ApBp = HE^^iF„,+i---EiFiAiBi---ApBp 

with m, p non-negative integers, and where He^^iF^+i---EiFiAiBi---A b is a linear combination 
of I'AiBi-ApBp, yEiFii^AiBi---ApBp, ■■■, ^ E„,F^ ■ ■ '^ EiFii^AiBi---ApBp with coefficients 5fc where 
k denotes the order of the derivative the coefficient is associated to. If bk G H"^ with 

k — m — 1 > 6k, < k < m 

and VAiBi-ApBp e H'^, /3 < 0, then 

VAiBf-ApBp =0 on S. 

This last result, together with Lemma [10] allows to show that there are no non-trivial Killing 
spinor candidates that go to zero at infinity — in [13] an analogous result has been proved for 
Killing vectors. More precisely. 

Proposition 21. Let vab G -^I?l/2 such that '^ (ab^cd) = 0- Then vab =0 on S . 

Proof. From Lemma [TUl it follows that ^ ab"^ cd"^ efvgh can be expressed as a linear combina- 
tion of lower order derivatives with smooth coefficients with the proper decay. Thus, Theorem 1201 
applies with m = 2 and one obtains the desired result. D 

We are now in the position to discuss the Kernel of the approximate Killing spinor operator 
in the case of spinor fields that go to zero at infinity. The following is the main result of this 
section. 



Proposition 22. Let vab G H^^,^. If L{vab) = 0, then vab = 0. 

itl 

Js JdS^ 



Proof. Using the identity ([57]) with Cabcd — "^ (ab^cd) ^^d assuming that Livco) — 0, one 
obtains 



3 



The sharp conditions for a second order elliptic operator to be asymptotically homogeneous are that 

for (5 < 0. As one sees, our operator L satisfies these conditions with a margin. 

■'The hypotheses in llci| are much weaker than the ones presented here. The adaptation to the smooth setting 
has been chosen for simplicity. 
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where dSoo denotes the sphere at infinity. Assume now, that i^ab G ^^1/2- ^^ follows that 
^{AB^CD) € -^^3/2 ^^^ furthermore, using Lemma [TSl that 

The integration of the latter over a finite sphere of sufficiently large radius is of type o(l). Thus 
one has that 



from where 



Therefore, one concludes that 



/ n-^^i/^^V^II^d^ = 0, 

JdS^ 

[ V'^^z.^^V^I^^^d^ = 0. 
Js 



'^(abvcd) = 0. 



That is, vab has to be a spatial Killing spinor. Using Proposition [5T] it follows that vab = on 
S. U 

8.1.3 The Fredholm alternative and elliptic regularity 

We will make use of the following adaptation of the Fredholm alternative for second order asymp- 
totically homogeneous elliptic operators on asymptotically Euclidean manifolds — cfr. [5]. 

Theorem 23. Let A be an asymptotically homogeneous elliptic operator of order 2 with smooth 
coefficients. Given 6 < 0, the equation 



has a solution (ab G H^ if 



A{Cab) = fAB, fAB e Hg_2, 



s 

AB 



for all VAB satisfying 

UABeHli_s, A*{vab) = 0, 

where A* denotes the formal adjoint of A. 

In order to assert the regularity of solutions, we will need the following elliptic estimate — see 
expression (62) in the proof of Theorem 6.3 of [9]. 

Theorem 24. Let A be an asymptotically homogeneous elliptic operator of order 2 with smooth 
coefficients. Then for any (5 G M and any s > 2 there exists a constant C such that for every 
Cab G H^^^ n H^, the following inequality holds 



KabWhi < C {\\A{CAB)\\HrJ^ + WCabWh^ 



-2 



Notation. Hi^^ denotes the local Sobolev space. That is, u £ H^^^ if for an arbitrary smooth 
function v with compact support, uv £ H^ . 

Remark. If A has smooth coefficients, and A(Cab) — then it follows that all the Hf norms 
of Cab are bounded by the H^ norm. Thus, it follows that if a solution to A{C,ab) = exists, it 
must be smooth — elliptic regularity. 
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8.2 Existence of approximate Killing spinors 

We are now in the position of providing an existence proof to solutions to equation (I39p with the 
asymptotic behaviour discussed in section [7.21 

Theorem 25. Given an asymptotically Euclidean initial data set (S,hab, Kat) satisfying the 
asymptotic conditions (|47ap - (j47b[) and (j48p . there exists a smooth unique solution to equation 
P9p with asymptotic behaviour at each end given by (j5ip . 



Proof. We consider the Ansatz 

KAB — KAB + Sab, Oab G ^-1/27 

with k given by Corollary [TS] Substitution into equation ((39)) renders the following equation for 
the spinor Oab- 

LiOco) = -Likco). (58) 



By construction it follows that 
so that 



'^{ab'^cd) G H°°^i2, 



FcD = -L{kcD) e H%/^. 

Using Theorem 1231 with 5 — —1/2, one concludes that equation (l55|) has a unique solution if 
Fab is orthogonal to all vab G -^-1/2 i^ the Kernel of L* — L. Proposition [5l] states that this 
Kernel is trivial. Thus, there are no restrictions on Fab and equation (1581) has a unique solution 



as desired. Due to elliptic regularity, any H^^,^ solution to the previous equation is in fact a 
^^1/2 solution — cfr. Lemma [Ml Thus, 6ab is smooth. To see that kab does not depend on the 
particular choice of kab, let k'^g, be another choice. Let k^^ be the corresponding solution to 
([55)) . Due to CorollarvfTBl we have kab — k'j^g € -^^1/2- Hence, we have hab — i^'ab ^ ^^1/2 ^'^'^ 
L{kab — i^'ab) — 0- According to Proposition [521 '^ab — i-^'ab — 0' ^"^^ ^^^ proof is complete. D 

The following is a direct consequence of Theorem 1251 and will be crucial for obtaining an 
invariant characterisation of Kerr data. 

Corollary 26. A solution, kab, to equation (|39p with asymptotic behaviour given by (|5ip satisfies 
J < 00 where J is the functional given by equation (I42p . 

Proof. The functional J given by equation (I42p is the L^ norm of ^ (abKcd)- Now, if kab is the 
solution given by Theorem [25l one has that '^(ab'^cd) G ^-3/2- ^^ Bartnik's conventions one 
has that 

The result follows. D 

Remark. Again, let kab be the solution to equation (P^ given by Theorem [511 Using the 
identity (1571) with Cabcd — ^ {ab^^cd) one obtains that 



J= / n'^^K^-°V^IJ^^)d5 < 00. 

JdS^ 



Ids. 

Thus, the invariant J evaluated at the solution kab given by Theorem [5S] can be expressed as a 
boundary integral at infinity. A crude estimation of the integrand of the boundary integral does 
not allow directly to establish its boundedness. This follows, however, from Corollary [511 Hence, 
the leading order terms of uab^cd and '^ iab'^cd) are orthogonal. 
For an independent proof of this fact, see appendix \F\ 
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9 The geometric invariant 

In this section we show how to use the functional (|42)) and the algebraic conditions (j23bl) and 
(|23c[) to construct the desired geometric invariant measuring the deviation of {S, hab,Kab) from 
Kerr initial data. To this end, let kab be a solution to equation (15^ as given by Theorem BSl 
Furthermore, let S^ab = |V^(^kb)p- Define 

h= f *(^sc^«c)f ^^'"^''^^''gcIm, (59a) 

J2 = / (3k(^-^V_b-^*cd)bf + '^{abc^Cd)f) 
Js 

X (sK^^ysoic^Q + ^^sc^^e'^p) dAi. (59b) 

The geometric invariant is then defined by 

I=J + h+h. (60) 

Remark. It should be stressed that by construction / is coordinate independent and that / > 0. 
We also have the following lemma. 

Lemma 27. The geometric invariant given by (j60p is finite for an initial data set (5, hab,Kab) 
satisfying the decay conditions (|47ap - (j47bp . 

Proof. From Corollary [2B] we already have J < 00. From the form of the decay assumptions 
(|T7a)) - (|47bp we have ^abcd G H^3+e^ e > 0. By Lemma [Til and kab e H^^ we have 

Thus, again one finds that /i < 00. A similar argument shows that 

3'«(A Vs ^CD)EF + '^(ABC ^D)F G H^^^^^ 

from where it follows that I2 < cxd. Hence, the invariant (j60p is finite and well defined. D 

Finally, we are in the position of stating the main result of this article. It combines all the 
results in the sections 2 to 7. 

Theorem 28. Let [S, hah, Kab) be an asymptotically Euclidean initial data set for the Einstein 
vacuum field equations satisfying on each of its two asymptotic ends the decay conditions (j47ap - 
(I47bp and (j48p with a timelike ADM 4^-momentum. Furthermore, assume that '^ abcd 7^ and 
^ ABCD^ 7^ everywhere on S. Let I he the invariant defined by equations (|42p . (|59ap . 

(I59bp and (|60p . where kab is given as the only solution to equation (I39p with asymptotic behaviour 
on each end given by (j5ip . The invariant L vanishes if and only if (S, hat, Kab) is locally an initial 
data set for the Kerr spacetime. 

Proof. Due to our smoothness assumptions, if / = it follows that equations (I23ap - (|23cp are 
satisfied on the whole of S. Thus, the development of {S, hab,Kab) will have, at least in a slab, 
a Killing spinor. Accordingly, it must be of Petrov type D, N or O on the slab — see Theorem [1] 
The types N and O are excluded by the assumptions ^^abcd 7^ and '^abcd'^^^'"^ ^ on S 
— by continuity, these conditions will also hold in a suitably small slab. Thus the development of 
the data can only be of Petrov type D — at least on a suitably small slab. 

Now, from the general theory on Killing spinors, we know that ^aa' — ^A'^^^^aq will be, in 
general, a complex Killing vector. In particular, both the real and imaginary parts of ^aa' will 
be real Killing vectors. The Killing initial data for (^aa' on S consists of the fields f and (,ab on 
iS calculated from kab using the expressions (I15ap and (J15bp . It can be verified that 

e - e = o^(r-i/2), Ub + Ub = Ooo(r-i/2). 
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The latter corresponds to the Kilhng initial data for the imaginary part of £,aa' ■ It follows that the 
imaginary part of ^aa' goes to zero at infinity. However, there are no non-trivial Killing vectors 
of this type [31[T3]. Thus, £_aa' is a real Kilhng vector. This means that the spacetime belongs, at 
least in a suitably small slab of S, to the generalised Kerr-NUT class. By construction, it tends 
to a time translation at infinity so that, in fact, it is a stationary Killing vector. By virtue of 
the decay assumptions (|47ap - (j47b() the development of the initial data will be asymptotically flat, 
and it can be verified that the Komar mass of each end coincides with the corresponding ADM 
mass — these are non-zero by assumption. Hence, Theorem IH] applies and the slab of 5 is locally 
isometric to the Kerr spacetime. D 

Corollary 29. If furthermore, the slice S is assumed, a priori, to have the same topology as a 
slice of the Kerr spacetime one has that the invariant I vanishes if and only if {S, hab, Kab) is an 
initial data set for the Kerr spacetime. 

Proof. This follows from the uniqueness of the maximal globally hyperbolic development of 
Cauchy data — see [l2| . □ 

Remark 1. A improvement of Theorem [6] in which no a priori restrictions on the Petrov type of 
the spacetime are made — see the remark after Theorem[6] — would allow to remove the conditions 
^ ABCD "^ and '^ abcd'^^^'"'^ t^ 0, and thus obtain a stronger characterisation of Kerr data. 

Remark 2. It is of interest to analyse whether the same conclusion of the corollary can be 
obtained without making a priori assumptions on the topology of the 3-manifold. 

10 Future prospects 

We have seen that one can construct a geometric invariant for a slice with two asymptotically 
flat ends. A natural extension of this work would be to also allow asymptotically hyperboloidal 
and asymptotically cylindrical slices. Furthermore, one would like to analyse parts of manifolds 
in the same way. In this case we need to find appropriate conditions that can be imposed on kab 
on the boundary of the region we would like to study. A typical scenario would be to study the 
domain of outer communication for a black hole, or the exterior of a star. 

Another natural question to be asked is how the geometric invariant behaves under time 
evolution. A great part of this problem is to obtain a time evolution of kab such that it satisfies 
([39)) on every leaf of the foliation. If the geometric invariant is small, one could instead use ((20|) 
as an approximate evolution equation for the approximate Killing spinor. In this case the system 
(|21ap . (j21b|l could be used to gain control over the evolution. 

If some type of constancy or monotonicity property could be established for the geometric 
invariant, this would be a useful tool for studying non-linear stability of the Kerr spacetime and 
also in the numerical evolutions of black hole spacetimes. 
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A An alternative estimation of the boundary integral 

In this section we present an alternative argument to show that the boundary integral 

/ n^''K^°V^Z^)d.S, 

JdS,. 
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is finite as r — >■ cx) — cfr. the remark after Corollary 1261 For simplicity, we only consider the 
non-boosted case, so we have 

KAB = ±—rnAB + 0(1). 

A similar, but much lengthier argument can be implemented in the boosted case. It is only 
necessary to consider the finiteness of the integral 



ABCD 



r I n n 

dSj- 



"^ (ABi^CD)^S as. r ^> oo. (61) 



We begin by investigating the multipole structure of £,abcd = '^{ab'^cd) in ^n asymptotically 
flat end U C S. The equation satisfied by ^abcd is 

V^^Cabcd - 2n^^^^c(D)ABF = 0, (62) 

— see equation (15^ . As Z^ « (ro, oo) x S , with ro G M, it will be convenient to work in spherical 
coordinates. For simplicity, we adopt the point of view that all the angular dependence of the 
various functions involved is expressed in terms of (spin-weighted) spherical harmonics. Accord- 
ingly, we use the differential operators 9, § € T§^ — see e.g. [H]. Let a;+, a;_ G T*S^ denote the 
1-fornis dual to 3 and 5: 

(g,L.+) = l, (8,0;^) = 1. 

In addition, we consider dr G TU. The operators 5, 5 are extended into TU by requiring that 

Again, let dr e T*U denote the form dual to dr- One has that 

Sijdx'^ (g) dx^ = dr <Si dr + r^ (a;+ (g) a;_ + a;_ uj+) . 

Now, recalling that 

h,j = -(^l + -^j % + Ooo(r-3/2)^ 

we introduce the following frame and coframe: 

eoi ^ (l - ^) a. + o^(r-3/2), a°i = (l + ^) dr + o^{r-'/^) 

eoo = (l - I^) ig + Oo,(r-5/2), a°" = (l + ™) ruj+ + o^r-'/') 
\ r / r \ r / 

en = (l - ^) ig + Oo,(r-5/2), a" = (l + ^) re.- + oUr-'")- 
The fields cab and a^^ satisfy 

(eAB,fT^^)=/^AS^'', h^hABCD<y^''®(T''''. 

where hABCD = '~^a{c^d)b- Let fiAB denote a smooth spinorial field. Its covariant derivative 
Def/J-ab can be computed using 

DEFfJ-AB = ^EFip-AB) — ^EF AfJ-QB ~ ^EF BfJ-AQ, 

where Tef'^ A denote the spin coefficients of the frame bab- 

The components of the spinor field ^abcd with respect to the frame cab can be written as 

£,ABCD = £,n(^ABCD + ^l^ABCD + ^'i^ABCD + ^S^ABCD + ^i'^ABCDi 

where 
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where (^^Gffjfc j-Qg^ns that after symmetrisation, k indices are set to 1. In terms of this formahsm, 
equation ((62)) is given by 



e^^'e'^'^epQiUBCD) - ^T^'"'^ ^a^bcd)q + ^K^"""^ (^a^bc d)q - ^n^"""^ ^c<d)abq = 0. (63) 

Recalhng that by assumption £,abcd — Ooo(?' "^ ), a lengthy but straightforward calculation 
shows that ([55]) implies the equations 

a.a - -9^0 + —36 + - (l + -) 6 = Ooo(r-^), (64a) 

r br r \ r J 

a.6 + 1-96 + 1-96 + - (l + -) 6 = o^{r-% (64b) 



2 r 2 r r V r 

9.6 + -96 - i-96 + - (l + -) 6 - Ooo(r-5). (64c) 

r b r r \ r / 

A computation shows that 

_ 2 
""■(^ABncD) — <^abcd^ 

so that the boundary integral (IFTI) involves only the component 6- Furthermore, only the har- 
monic Yo,o (monopole) contributes to the integral as e^^^^i is a constant spinor in our frame. 
From the equations (|64ap - (|64cp . it follows that the coefficient 6;0 of 6 associated to the harmonic 
10,0 satisfies the ordinary differential equation 



3 

r 

Consequently one has that 



(l - -) a.6;0 + -6;0 = /(r), /(r) = Ooo(r-5). 
\ r / r 



6:0 = 7 TT + 7 r^ / r{r - mff{r)dr, a e C. 

(r — my^ [r — my^ J 

It follows that 

6;0 = -J + 0oo(r ). 

Using this last expression in the integral ([6T|) and recalling that d5 = O(r^), it follows that 

r / n'^^n'^^V(ABKcD)dS' = 47ra < oo. 

It is worth noting that the constant a contains information of global nature and it is only known 
after one has solved the approximate Killing spinor equation. 

B Tensor expressions 

For many applications, it is useful to have tensor expressions for the invariants. To this end, 
define the following tensors on S: 

Ka = a a KAB, C = 6 

r — ^ ABc /■ — „ AB„ CDc 

(,a = Cfa 1;AB, (,ab = C! a <^b l;ABCD, 

Here tabc, Eac and Bac are the pull-backs of -^rf^e^a/B-f, ^r'^T^Cafj-yS and je^.u-ygr'^T^Ca/s'^'' 
respectively. Observe that we are using a negative definite metric. In this section we assume 

Kab = Kfta- 

The tensorial versions of the equations (J15ap , (J15b|) , (J15cp then read 

Ca = ^i^abcD^'i'' - ^KabK' + ^Kt'^a, 
Cab = D(aKh) - IhabD^Kc - -^'iecd(aKb)'^ k" . 
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Note that the spatial Kihing spinor equation (^ab = reduces to the conformal KiUing vector 
equation in the time symmetric case (Kab = 0). 

Expressed in terms of these tensors the ehiptic equation ([5^ takes the form 

D\ab - ■j^ieacdK'^Cb" = 0. (66) 

Let Ka € -ff^2 ^"^ ^^^ solution to (|66p with the asymptotics 



T 



3m \ r J Sm \ r ^m^ + {n ■ p)^r J 



at each end, where p^ = (E,pi) is the ADM-4 momentum, m = y/p^p^ , and n- p = r^^x^pi. The 
metric and extrinsic curvature are assumed to have the asymptotics (|47ap and (j47b[) respectively. 
The integrand in (H^ is 

x) = 1;ABCDC, = (,ab(, ■ 

From the equation 
we get the integrand for the /i part of the invariant 

^ ,T, F ,^ yjfABCP r.D Ir^bcr^ .^a- i \ r^ c/^ .^a-b , 1 /^ cr^ .^ci — b 

Jl = ^(ABC I^D)F^ K p = ~^C CbcK Ka + i^'-'b Cac^ « + 4^0 CbcK K . 

In order to discuss the integrand of I2 we introduce the spinor I^abcd = ^{a^'^bcd)Fj and 
its tensor equivalent T,ab = '^a^^'^b^^^ABCD- One finds that 

- aa^^^^^^ABCD - D^'Cab - -^eacdC'"' Kt^ 
^ab = -^<^df{aD-'C b) + ^C'' Kcdhab + CabK' f - ^C {aKh)c- 

The integrand for I2 is given by 






P 



— 2 ^bcK Ka + 2 ** ^ac^ ''^ + 4^0 ^bcK K + 2i-'&cL- K Qa 4^ac(^fc '* C 

~ 2 '"^ f* S (^ + ^i^bct^ K Ca ~ 4^act^f) ^ C ~ 2 '"^ f* K (^ + ^L' L'bcC Ca 
+ iCb^acCC' + jCa'CbcCC'- 

The complete invariant is given by 

/= / {^ + 3l+32)d^l. 
Js 
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